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Introduction

One of the most successful theories in physics is quantum mechanics [1–4]. It
explains the stability of atoms and discretisation of their spectra. Further devel-
opment also led to the explanation of some macroscopic phenomena like type I
superconduction and superfluidity which cannot be described by classical mech-
anics. Quantum mechanics also correctly describes molecules. Therefore, it can
be deemed as the theory of chemistry.

In quantum mechanics, the particles do not have definite position and mo-
mentum: “. . . müssen wir uns daran erinnern, daß es in de Quantentheorie nicht
möglich war, dem Elektron einen Punkt im Raum als Funktion der Zeit mittels
beobachtbarer Größen zuzuordnen.” [1]. Instead, the state of a system is de-
scribed by a state-vector, or equivalently, its wavefunction. The wavefunction of
a system with N particles is a function dependent on all their coordinates and
time

Ψ(x1, . . . , xN ; t).
Such a wavefunction should satisfy the Schrödinger equation. In particular, if the
number of particles is large, the wavefunction depends on many coordinates (3N
spatial- and N spin-coordinates) and it becomes hard to solve the Schrödinger
equation because of the many degrees of freedom in the wavefunction. In gen-
eral, dealing with one particle (N = 1) is not problematic, but for more particles
(N > 1) the problem becomes much harder to solve, which is also referred to
as the many-body problem. However, if the particles are not interacting, they
should behave independently. This is reflected in the wavefunction, since for
non-interacting particles it can be broken into one-body wavefunctions, ψ(xt),
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vi INTRODUCTION

which describe each particle separately. These one-body wavefunctions are often
referred to as orbitals and satisfy one-body Schrödinger equations which can be
solved to high accuracy without too much effort in general.

In practice, all particles in nature interact. If they would not interact, they can-
not be detected and they are irrelevant for nature, cf. the Buddhist view on gods.
Therefore, the solution for non-interacting particles seems to be of no use. How-
ever, one can argue that if the interaction is not too strong, that a non-interacting
description would be a reasonable approximation. Therefore, the wavefunction
of the interacting system is often approximated by an expansion in products of
orbitals

Ψ(x1, . . . , xN ; t) ≈ Ψm(x1, . . . , xN ; t)
= m�
k1,...,kN=1

ck1,...,kN(t)ψk1(x1t)�ψkN(xNt).
One can actually show that if the number of orbitals goes to infinity, m →∞, that
the exact wavefunction is obtained, Ψm ⇀ Ψ. The simplest approximation would
be to take only one such product into account and try to find the optimal orbitals
for this product, which is also known as the Hartree approximation [5]. However,
this approximation neglects an important aspect of quantum theory, that identical
particles should be indistinguishable [6, 7]. Therefore, the wavefunction should
satisfy

�Ψ(x1, x2, . . . ; t)�2 = �Ψ(x2, x1, . . . ; t)�2
⇒ Ψ(x1, x2, . . . ; t) = ±Ψ(x2, x1, . . . ; t).

Depending on the plus or minus sign, different kinds of particles are described
by the wavefunction. In the case of the plus sign, particles can have identical
coordinates. These particles are called bosons and from relativistic theory it can
be shown that these particles have an integer spin. Examples are photons (light
quanta), phonons (vibration quanta), etc. In the case of the minus sign, particles
cannot have identical coordinates, since the wavefunction would have to be zero
to satisfy the anti-symmetry relation. These particles are called fermions and
from relativistic theory it follows that these particles have a half integer spin.
Examples are electrons, protons, neutrons, etc.

Since the quantum mechanical effects of the nuclei are not so important in
many situations, it often suffices to describe only the electrons quantum mech-
anically, so the wavefunction only depends on the electron coordinates explicitly.
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The mathematically correct way to formulate this approximation is known as
the Born–Oppenheimer approximation [8]. Since electrons are identical fermi-
ons, the electronic wavefunction should be anti-symmetric [9, 10]. So instead
of simple products to expand the trial wavefunction, it is better to use anti-
symmetric products. Such products can be obtained from a normal product using
an anti-symmetrisation operator

(ÂN f )(x1 . . . xN) = �
P∈SN

sgn(P) f (xP(1) . . . xP(N)),
where the summation runs over all permutations P of the group of permutations
SN of N elements and sgn-function is defined to be negative (positive) for an
odd (even) permutation. Such an anti-symmetrised product can also be repres-
ented as a determinant [6, 10] and a normalised determinant [an additional factor
1�√N! is used] is also known as a Slater determinant. The wavefunction is now
approximated as

Ψ(x1, . . . , xN ; t) ≈ m�
k1>...>kN=1

ck1,...,kN(t) 1√
N!

ÂNψk1(x1t)�ψkN(xNt).
This Ansatz to the wavefunction is known as configurations interaction (CI). The
use of a single Slater determinant as an approximation to the wavefunction is
called the Hartree–Fock (HF) approximation. Better results are obtained by tak-
ing more of these Slater determinants into account, which leads to a complete
zoo of selection schemes. If the HF determinant is already a good approximation
for the real wavefunction, a traditional method is to change one of the orbitals
in the HF determinant with a different one. This procedure corresponds to an
excitation for non-interacting particles, so these new determinants are usually
called “singly excited” determinants. Since this is not a real excitation of the in-
teracting system, this terminology often leads to confusion. Including only singly
excited determinants is known as CI with singly excited determinants (CIS). Of
course one can add doubly excited determinants which leads to CI with singly
and doubly excited determinants (CISD), etc.

A more sophisticated approach is coupled cluster (CC). In CC the contribu-
tions from higher order determinants is estimated, based on the lower excited
determinants which are taken explicitly into account. This approximation for the
higher order excitations is based on an exponential Ansatz of the wavefunction,
which gives CC the distinct advantage over CI that it is size-extensive, i.e. the
energy of two non-interacting systems A and B in CC is equal to a CC calculation
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of the two systems A and B separately. The hierarchy of explicit excited determ-
inants taken into account is named in the same manner as in the CI method, e.g.
calculating the contributions from singly and doubly excited determinants expli-
citly is called CC with single and double excitations (CCSD).

There are quite some number of situations where a single determinant is not
sufficient for a qualitative approximation of the wavefunction. A typical example
is breaking of a chemical bond. In these cases multiple determinants have to be
taken into account from the start. Not only the orbitals should now be optim-
ised, but also the coefficients for the determinants. This combined optimisation is
known as multi-configurational self-consistent field (MCSCF) and can give rather
accurate results.

A different approach to the many-body problem is to use a reduced quant-
ity instead of the complete wavefunction. Usually we are not interested in the
complete wavefunction, but in reduced quantities like the density or the dipole
of a system. So instead of a theory which deals with the complete wavefunction,
it would be convenient to have a theory that immediately gives the quantity of
interest instead of the complete wavefunction with all 4N variables. A major step
for such a theory was made by Hohenberg and Kohn in 1964, when they showed
that the density of a non-degenerate ground state wavefunction is unique for a
local potential [11]. Thus the wavefunction is a functional of the density and
therefore, other quantities of interest are functionals of the density as well. Since
every quantity is expressed as a functional of the density, this theory is known
as density functional theory (DFT). However, they were only able to show its
existence and an explicit form for most of these functionals is unknown. Of par-
ticular interest is the energy functional, which is required to actually find the
ground state density. The energy functional has to be approximated. However,
this turned out to be a rather difficult task, since it is hard to describe physics
with the density alone.

Another crucial step was made one year later, when Kohn and Sham assumed
that the density of the interacting system can also belong to a non-interacting
system with an effective local potential. This effective potential in the non-inter-
acting system (Kohn–Sham system) is completely determined by the interacting
system [12]. Since the density of the interacting system could now be calculated
via a non-interacting system (which can be solved exactly), the Kohn–Sham sys-
tem provided a much more physical way of approximating the energy functional.
In particular the kinetic energy of the Kohn–Sham system turned out to give a
significant boost to the approximations. The first approximation only used the
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density locally, so it is known as the local density approximation (LDA). The
LDA was already quite successful, since it allowed for the description of metals.
This was a big advantage over HF, since HF cannot describe metals due to its
finite gap [13]. For molecules the LDA did not give such impressive results com-
pared to HF. Only when the generalised gradient approximations (GGAs) were
introduced [14, 15], the results of DFT were significantly improved over HF.

Although DFT is quite successful at equilibrium distance, it usually fails badly
in cases in which several determinants make an important contribution to the wa-
vefunction, e.g. bond-breaking in molecules. This deficiency should theoretically
be solved by a better approximation to the functionals. However, since the Kohn–
Sham system usually only provides one determinant, it does not even give a good
qualitative description of the physics. Since only the density can be used to cor-
rect this behaviour, it is rather hard to improve these results. A remedy might be
the use of orbital-dependent functionals. However, to use these functionals the
response function has to be inverted which turns out to be problematic in a finite
basis [16, 17]. The origin of this problem is that “locality” looses its meaning in
a truncated basis, so even the Kohn–Sham system becomes a rather ill-defined
concept.

A remedy can be sought using a reduced quantity with more information than
only the density, to have a better tool to build approximations. A particular well
suited quantity is the 1-body reduced density matrix (1RDM),

γ(x1, x
′
1; t) ≡ N� dx2�� dxN Ψ(x1, x2, . . . , xN ; t)Ψ∗(x′1, x2, . . . , xN ; t),

so the 1RDM depends on two coordinates instead of only one as the density
does. Since the 1RDM is hermitian, it can be diagonalised. The one-electron
eigenfunctions are called the natural orbitals (NOs) and the corresponding ei-
genvalues occupation numbers. Systems for which a single Slater determinant
gives a good description, have occupation numbers close to integer values, zero
or one. If a single Slater determinant is not sufficient anymore for a qualitative
description, the occupation numbers become strongly fractional. For example,
the dissociation of singlet H2 to infinity results in four occupations of 1�2 [the up
and down components of the σg and σu NOs]. Since these situation are appar-
ently well represented by the 1RDM, it would be advantageous to use one-body
reduced density-matrix functional theory (1MFT) instead of DFT. A basic the-
oretical justification has been provided by Gilbert in 1975 [18]. He showed that
the Hohenberg–Kohn theorem partially also holds for non-local potentials and
1RDMs. Since the 1RDM can describe situations in which multiple determinants
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are important, there is more hope that we can build approximations which can
also handle bond-breaking situations. Some successes for small molecules have
already been reported [19, 20].

We only concentrated on the ground state so far. This is interesting, but not so
interesting as the dynamics of a system and closely related, the excited states. A
theoretical justification for the extension of DFT to time-dependent DFT (TDDFT)
was given by Runge and Gross in 1984 [21]. The Kohn–Sham system was also ex-
tended to a time-dependent Kohn–Sham system with a time-dependent effective
potential. However, this time dependence is hard to approximate, so one usu-
ally uses the adiabatic approximation, which means that the time dependence
is simply neglected. This might seem a very serious approximation, but the ap-
proximation turns out to be rather successful. In particular for the calculation of
valence excitations. Also Rydberg excitations can be calculated, provided that a
potential is used which gives a good orbital energy spectrum. However, there are
also some drastic failures. Since DFT already failed in the case of bond-breaking
systems, it is no surprise that adiabatic TDDFT also fails. Another important fail-
ure is the charge transfer (CT) excitation. This can be easily understood by the
qualitative argument that the electron goes from one region to a different region
in space. Since the density has only one variable, the local approximations used in
practice are “blind” where the electron goes, so these functionals can give com-
plete disasters. The 1RDM is much better equipped to handle these situations,
since it can naturally describe situations with multiple determinants. Addition-
ally, it depends on two coordinates, so it can “see” where the electron goes in the
case of a CT excitation. The hope for a better description of these difficult cases
has been an important stimulus to develop time-dependent 1MFT (TD1MFT). Al-
though its formal aspects are not addressed, the main purpose of this thesis is to
test whether TD1MFT can actually handle these problematic cases. However, it
turns out that the adiabatic approximation is not so straightforward as in TDDFT.
Using the standard adiabatic (SA) approximation like in TDDFT leads to station-
ary occupation numbers and a discrepancy between the static response equations
and the time-dependent response equations in the static limit [ω → 0].

To remedy these problems two alternative ways to implement an adiabatic
approximation are proposed: the 1st alternative adiabatic (AA1) and the 2nd al-
ternative adiabatic (AA2). However, both alternative adiabatic approximations
also have some unphysical features. Both alternative approximations break the
symmetry in some excitations like the ∆g excitations in H2. Further, the AA1
implements an instantaneous response of the occupation numbers and prevents
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the calculation of certain class of excitations, the so-called “diagonal” double
excitations. The AA2 recovers these diagonal double excitations, but it breaks
time-reversal symmetry. This is reflected in the response function as χAA2(ω) ≠
χ∗AA2(−ω) [they should be equal] and also the excitation energies differ for posit-
ive and negative frequencies.

An alternative solution is to go beyond (TD)1MFT. The definition of the NOs
does not define their phase, so (TD)1MFT could be extended by having an explicit
definition for the phase of the NOs which results in phase included natural orbit-
als (PINOs). The system is not only described by the 1RDM, but also the phases
of the PINOs, so in this sense it is an extension of (TD)1MFT. Although it is not
clear how this phase should generally be defined, the assumption that energy
and action functionals exist that depend on the PINOs and the occupation num-
bers leads to very useful equations. In particular, the SA approximation leads to
equations that allow for dynamical occupation numbers, a consistent static limit
[ω → 0] of the frequency-dependent response equations and a full treatment of
the diagonal double excitations without breaking time-reversal symmetry.

Outline of the thesis

The thesis is structured in the same manner as the introduction. In chapter 1
1MFT is introduced. First a rather extensive introduction is given in (reduced)
density matrices and most emphasis is on the 1RDM. In Sec. 1.2 the Hohenberg–
Kohn theorems for DFT are introduced. An attempt is made to extend these
theorems to 1MFT, but it turns out that one of the theorems cannot straight-
forwardly be generalised to 1MFT. In Sec. 1.3 some of the formal problems of
the energy functional are pointed out. In Sec. 1.4 we assume that all the formal
problems have been addressed and that the energy functional is differentiable.
It is then possible to formulate stationarity equations for the NOs and occupa-
tion numbers. Two approaches are used to derive these equations. The first one
uses the chain-rule and the second one takes the derivatives directly taking into
account the constraints that the NOs and occupation numbers must satisfy to
correspond to ensemble N-representable 1RDMs. This requires the use of the
Karush–Kuhn–Tucker (KKT) conditions to handle the inequality constraints. An
easy introduction to the KKT conditions is given in Ap. A. This approach natur-
ally leads to Aufbau for the occupation numbers and is also applicable to HF and
Kohn–Sham DFT. In 1MFT it is possible to derive an almost exact functional for
the two-electron system. This is done for the singlet case in Sec. 1.5. In Sec. 1.6
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the linear response equations are worked out and equations for the static polar-
isabilities are derived.

TD1MFT is introduced in chapter 2. First the failures of TDDFT are shown
in more detail as a motivation for the development of TD1MFT. In Sec. 2.2 the
equation of motion (EOM) for the 1RDM is derived which is the basic equa-
tion for TD1MFT. In the next section (Sec. 2.3) the retarded response function
is defined and some of its properties are derived. In particular that the poles of
the response function correspond to excitations energies will be used later on. An
extension of the Runge–Gross theorem for TD1MFT is not known, but we are able
to show invertibility of the 1RDM-1RDM response function under some condi-
tions in Sec. 2.4. Armed with this proof, we derive linear response equations for
TD1MFT in Sec. 2.6. However, in practice an adiabatic approximation is required.
The SA approximation is applied to the TD1MFT response equations in Sec. 2.7
and also results for the polarisabilities and excitation energies are shown for the
singlet two-electron system. Subsequently the alternative adiabatic approxim-
ations AA1 and AA2 are covered in Secs 2.8 and 2.9 respectively. It turns out
that particular excitations such as the ∆g excitations for H2 are symmetry broken
in the alternative adiabatic approximations, which is discussed in more detail in
Sec. 2.10.

Although it is possible to remedy some of the deficiencies of the SA approx-
imation, a thorough understanding of its failures is lacking. Therefore, the exact
singlet two-electron TD1MFT equations are derived in chapter 3. First the exact
ground state equations are derived in Sec. 3.1 and subsequently the exact time-
dependent equations using the variational principle in Sec. 3.2. From the exact
time-dependent equations the exact time-dependent and frequency-dependent
response equations are readily derived in Sec. 3.3. In Sec. 3.4 the exact response
equations are transformed into TD1MFT response equations. By comparing these
exact TD1MFT response equations with the TD1MFT response equations in the
SA approximation, we are better able to explain the failures of SA. The exact
TD1MFT response equations are also compared to the alternative adiabatic ap-
proximations AA1 and AA2 respectively. A short summary of the most import-
ant insights is presented in Sec. 3.5.

The results gathered in the previous chapter and especially the overview gi-
ven in Sec. 3.5 indicate that an extension of (TD)1MFT with a defined phase for
the NOs should give a solution. The idea to use these phase included natural
orbitals (PINOs) is worked out in chapter 4. Unfortunately, it is only clear for the
non-interacting system and the two-electron system how to define the phase of
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the PINOs. However, if one assumes the existence of an action which depends on
the PINOs and occupation numbers (or equivalently the 1RDM and the phases
of the PINOs), it is possible to derive EOMs for the occupation numbers and the
PINOs including their phase (Sec. 4.2). As expected, applying the SA approxima-
tion to these time-dependent PINO equations does not have all the drawbacks as
for TD1MFT. (a) The static limit of the frequency-dependent response equations
is now consistent with the static response equations derived in Sec. 4.1. (b) The
occupation numbers are dynamical. (c) The diagonal double excitations are ac-
counted for. (d) No symmetry breaking in the response functions as for TD1MFT
in the AA2 approximation. As mentioned before, for the two-electron system it
is clear how to define the PINO phases. Since the PINOs and occupation num-
bers now cover all the degrees of freedom in the two-electron wavefunction, it is
possible to formulate the exact spin-dependent two-electron action functional ex-
plicitly in terms of the PINO and occupation numbers (Sec. 4.3). Using the time-
dependent PINO functional theory (TD�πFT) formulation, equations for both the
singlet and triplet response of the two-electron system are derived. Some final
conclusions and prospects are given in Sec. 4.4.
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